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Inspired by the shape adaption of a bird’s wing during flight, this work presents a bio-
inspired wingtip concept leveraging bend-twist coupling (BTC) in composite laminates. The 
structural characteristics, incidence angle and dihedral angle, of a bird’s wingtip feathers, adapt 
and change configurations for optimal flight performance. It has been successfully shown by the 
author, by varying the BTC parameter, a passively adaptive BTC composite wingtip can 
simultaneously achieve the required bending (dihedral angle) and twist (incidence angle).  
This thesis presents a design optimization framework for a composite wingtip. The BTC 
behavior is investigated by analytical methods, numerical modeling, and experimentation. A 
Laplace transform method was applied to derive the analytical Green’s functions corresponding 
to the bending displacement and twist. Additionally, using ANSYS APDL, a nonlinear finite 
element analysis (FEA) was performed. The numerical and analytical results were then 
compared to previously published experimental data. The analytical model matched the 
experimental results in the linear region of the deflection and twist response. The error in 
bending and twist were 6.5% and 2.5%, respectively.  The FEA results compared to experimental 
data had an error in bending and twist of 2.9% and 5.7%, respectively, in the nonlinear region.  
Next, the thesis presents a multi-objective design optimization framework using an elitist 
non-dominated sorting genetic algorithm (NSGA-II). The objectives of the design optimization 
were to determine the fiber orientation angles required to achieve the desired bending and twist 
deformation. The composite fiber angles were set as the design parameter, while the number of 
laminates and their thickness were held constant. The optimization framework was validated 
using published data and a problem formulation is presented to design an optimal composite 
wingtip. In this thesis, an optimal BTC composite wingtip was designed, manufactured and 
physically tested. The optimal design based on Green’s functions achieved a bending 
displacement and twist with an error of 10.7% and 2.0%, respectively. The formulated design 
framework using the analytical Green’s functions provide a time-efficient tool to design optimal 
composite wingtips. It was shown that BTC composite wingtips can be optimally designed to 
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Composite structures are extensively used in many engineering applications, ranging from 
marine turbine blades to aircraft wings, due to their endless configuration of composite stacking 
sequence and lamina fiber orientation. Such adaptability enables composites to meet specific 
design objectives for a given application. Additionally, by exploiting the anisotropic mechanical 
properties of composites, coupling behaviors such as bend-twist and extension-twist coupling 
can be achieved. In certain structural systems, composite behaviors, have been implemented to 
achieve load dependent shape adaption to further improve performance [1]. Passively coupled 
cantilever composite beams, representative of many structural components, have been studied in 
literature due to their ability to handle transverse aerodynamic or hydrodynamic loads and 
demonstrate potential benefits. For aerospace applications, as shown by Perron [2], bend-twist 
coupled (BTC) composite aircraft wings passively alleviate gust load and have potential weight 
saving benefits of 2-4% on commercial Boeing 737 and 777. Ozbay [3] studied extension-twist 
coupled composite rotor blades and revealed a 5-6% improvement in hover power requirement 
while improving cruise efficiency about 1% of an XV15 tiltrotor aircraft. The advantages and 
challenges of passively adaptive coupled composites have also been studied on composite marine 
propulsors and turbines [1] and BTC wind turbine blades [4-5]. 
Furthermore, in the field shape morphing structures for aircraft systems, Gustafson et al. [6] 
introduced a notable approach to design a passively adaptive wingtip device by leveraging the 






                 
Figure 1. Conceptual design of an adaptive multi-wingtip system that utilizes bend-twist 
coupled composite wingtips to passively control wingtip incidence and dihedral angles 
and a bistable mechanism to actively control wingtip gap spacing. 
 
The authors showed that through loading, a BTC composite rectangular wingtip may 
passively achieve the required bending displacement and twist shown to improve aerodynamic 
performance in a multi-wingtip system. The approach showed a potential for passive shape 
adaption of a wingtip; however, the design of the composite was based on the constitutive 
coupling relations of composite materials and not the structural behavior of the BTC composite 
wingtip. This aspect of structural behavior is of importance in the design of a BTC composite 
wingtip. Different degrees of BTC will induce varying bending deflection and twist at changing 
loads, but the understanding how much it deflected and twisted may be a daunting task if done 
through a parametric study, requiring many iterations to achieve desired designs.  
The objective of the work presented in this thesis is to develop a design optimization 
framework for a BTC composite wingtip through comprehensive analytical formulation and 
finite element analysis modeling.  
 
1.2 Background  
 
1.2.1     Background on Bio-inspired Wingtips 
 
Modern interest in aircraft morphing structures, inspired by a bird’s wing morphing during 
maneuvering and soaring flight conditions, have introduced the concept of multiple wingtips. 
Wingtip feathers in response to aerodynamic loading undergo spanwise bending and during 
maneuvers, the aerodynamic angle of attack of individual wingtip feathers can vary from the 
angle of attack of the overall wing chord. Such adaption means that the wingtip feathers act as 
adaptive structures when subject to forces and have been of interest by researchers [7].  
Base Wing 
Bistable Mechanism 
Laminated Composite Wingtips 
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Previous studies on engineered multi-wingtip systems have been experimentally performed 
to gain an understanding of the aerodynamic effects in flight. The three wingtip parameters 
studied were dihedral angle, incidence angle and wingtip gap spacing as shown in Figure 2.  
 
Figure 2. Primary feather degrees of freedom adapted during flight: (a) incidence angle (b) 
dihedral angle (c) gap spacing. [7] 
 
Smith et al. [8] examined the aerodynamic effect on a wing with 5 rectangular wingtips by 
varying the dihedral angle of individual wingtips from -30° to -30° in various increments and the 
incidence angle with respect to the base wing from −10° to +10°. Wind tunnel lift and drag 
measurement results showed that a wing-wingtip system with a dihedral configuration of 20° 
dihedral for the leading-edge wingtip and decreasing by equal increments of 10° to a -20° for the 
trailing edge, provided the largest increase in lift curve slope from 15% to 22% increase. 
Furthermore, results showed that negative incidence angle of the wingtips improved L/D. 
Miklosovic [9] analytically and experimentally assessed the effects of three wingtips attached to 
a base wing by varying the dihedral of individual wingtips. Results showed that depending on the 
configuration, aerodynamic effects may be enhanced. The high-lift winglet configuration 
increased the lift coefficient as high as 65% at the same angle of attack and the high L/D winglet 
configuration increased L/D by 57%. Lynch et al. [10] further studied a wing-wingtip system 
with three wingtips. Wind tunnel results showed that wingtips configured with incidence angles  
-10°, -5°, and 0° respectively the leading edge, secondary, and trailing edge wingtips and a gap 
spacing of 20% increased the maximum coefficient of lift by 5.6% in comparison to a baseline 
wing.  
Most importantly, the experimental results showcase the use of multiple wingtips with 
varying dihedral and incidence angle to improve aerodynamic performance. The bio-inspired 
composite wingtip device, Figure 1, modeled after the wingtips by Lynch et al. [10], achieved 
the required dihedral angle (bending displacement) and incidence angle (twist) configurations 
(a) (b) (c) 
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mentioned above. The thesis work focuses on designing a composite wingtip using BTC 
composites to achieve adaptable wingtip configurations.    
 
1.2.2 Background on Optimized Coupled Composites 
 
The trade-off potential for composite coupling effects in structural systems has been 
studied by researchers by applying multi-objective optimization. Bottaso et al. [11] performed a 
constraint multilevel finite element optimization with fiber orientation as the design variable to 
design passive BTC composite wind turbine blades to achieve desired load mitigation together 
with weight saving. Roeleven [12] using a finite element beam formulation and a beam cross-
sectional analysis software investigated the optimal design of BTC wind turbine blades having 
structural constraints including blade twist, blade deflection, eigenfrequencies and material 
failure, and objective being the blade deflection, blade twist, and bend-twist coupling factor. 
Ozbay [3] showed an optimization technique on extension-twist coupling in composite rotor 
blades to enhance the performance of tiltrotor aircraft by implementing a box-beam cross-
sectional model to determine extension-twist coupling distributions with design variables 
including cross-sectional geometry and the composite layup. DiPalama, et al. [13] performed 
optimization of extension-twist coupled composite rotor blades to passively vary the elastic twist 
distribution as a function of the rotational speed of the rotor while complying to material strength 
constraints under centrifugal and aerodynamic loads. All the studies presented used finite 
element software to predict the structural behavior of the coupled composite, which may be 
computationally expensive, to yield optimal results. Thus, the thesis presents an analytical 
method for a BTC coupled composite beam that can be used as an aid to validate numerical 
methods and can offer computational savings for the early stage design of a BTC composite. 
 
1.3 Research Goals and Objectives 
 
Previous experimental studies have showcased the benefits of a multi-wingtip wing device 
([8], [9], [10]) and the authors [6] have previously proposed an approach to design a BTC 
composite wingtip, but the design heavily relied on an iteration process to achieve desired 
structural behavior. By being able to design for specific structural requirements, a BTC 
composite wingtip may achieve desired shape adaption and ultimately be applied in a multi-
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wingtip system to achieve enhancements in aerodynamic performance. Thus, a time efficient 
design framework is of interest for design of BTC composite wingtips.  
The goal of this thesis presented here is to develop the design framework of a BTC 
composite wingtip to achieve desired structural bending displacement and twist deformation. The 
framework is validated by studying the structural behavior of the composite through an 
analytical formulation, finite element analysis, and experimentation.  
The goal of this thesis is to develop and validate an analytical model to calculate the 
structural response of a BTC composite beam subject to an external force. The analytical model 
offers insight into the coupling effect and an understanding of the effects of boundary conditions, 
material properties and geometry of the composite beam. The analytical model will aid in the 
development of a multi-objective optimization framework to design a BTC composite wingtip. 
The framework will layout a process for identifying desired objectives and design variables that 
drive the design of a bio-inspired composite wingtip.  
 The thesis is organized as follows: an analytical model using Green’s functions is 
developed and validated for a BTC composite beam in Section 2. In Section 3, a multi-objective 
optimization framework for a BTC composite beam is formulated and a case studies are 
presented. An optimal BTC composite beam is manufactured and experimental static bending 
results of a BTC composite beam are presented in Section 4.   
 
1.4 Original Research Contributions 
 
The original research contributions of this work are presented below: 
[R.C.1] An analytical formulation is developed to determine the Green’s functions for a 
BTC composite beam subject to an external force. 
[R.C.2] The analytical Green’s functions for bending displacement and twist calculation 
are validated using finite element analysis and experimental results.  
[R.C.3] An optimization framework is developed using the Green’s functions and 
nonlinear FEA for the design of a BTC composite beam.  
[R.C.4] The optimization framework is validated by obtaining optimal results correlating 
to literature experimental results and an optimal composite wingtip is designed.  
 
These research contributions will be highlighted in the thesis text. 
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2 Analytical Method 
 
2.1 Classical Lamination Theory 
 
Using Classical Laminate Theory (CLT), as presented by Mallick [14], the mechanical 
properties, as well as the coupling behavior of a composite may be described. A laminate is an 
organized stacking of uni-directional composite laminas and defined by the fiber orientation 
angle, θ, of each individual lamina. Figure 3 details the right-handed coordinate system placed 
with x-y axes at the midplane of the composite beam. The principle axes of the composite 
material are denoted as 1-2 axes, where the 1 direction is along the fiber angle, which is oriented 
at an angle, θ, with the x-axes. 
 
Figure 3. Schematic showing the principal material axes (1-2-z) and general coordinate axes (x-y-z) for a 
lamina. 
 
The x-y axes are used to define the strains and curvatures in the laminate. Located at the 
geometric midplane in the z direction,  and 𝛾 are the midplane strains, and 𝑘, are the curvatures 
of the laminate, respectively. The strain-stress constitutive relations for an orthotropic laminate, 





















































where matrices [A], [B], and [D] are respectively the extensional stiffness matrix, bending-
extension coupling stiffness matrix and bending stiffness matrix. For a symmetric laminate, [B] 
= 0, and the laminate stiffness matrices, [A] and [D], are defined as 
7 
 















where (?̅?𝑖𝑗)𝑘 is the rotated local lamina stiffness matrix for the k
th lamina in the laminate and zk 
is the vertical position of the kth lamina from the midplane of the laminate.  The rotated stiffness 
matrix for the lamina, ?̅?𝑖𝑗, are expressed by elements in the lamina stiffness matrix, 𝑄𝑘  , and fiber 
orientation angle, 𝜃, as shown in Appendix A.  
From Eq. 2 it can be observed that the D16 and D26 couple the applied bending moments to 
twisting curvature and twisting moment to bending curvatures. This bend-twist coupling 
parameter may, therefore, be engineered to achieve a desired laminate twist angle given a 
specified bending moment (from applied lift forces) by tuning the fiber orientation angle of each 
lamina and the stacking sequence of the laminate. 
 
2.2 BTC Composite Beam Analytical Formulation  
2.2.1 Green’s function formulation  
The following analytical model accounts for the coupling between bending and twist induced 
by material anisotropy. Following Bernoulli-Euler beam theory, the following model presented 
here, neglects shear deformation, rotary inertia, and warping effects. Figure 4 details the 
coordinate system and the two degrees of freedom: z-displacement and x-rotation about the 
reference axis, denoted as w and 𝜑, respectively. The governing differential equations of motion 
of the beam are expressed as, according to references [15-17]:   
 
𝐸𝐼𝑤′′′′ − 𝐾𝜑 ′′′ +  𝑚?̈? =  𝑝(𝑥, 𝑡),         (6) 
𝐺𝐽𝜑 ′′ − 𝐾𝑤′′′ − 𝐼𝑥𝜑 ̈ = 0.                       (7) 
 
where 𝑤(𝑥, 𝑡), 𝜑 (𝑥, 𝑡) and 𝑝(𝑥, 𝑡), are respectively, the bending displacement, torsional rotation 
and load of the beam, and are functions of the location along the beam length, x and time, t. The 
dot denotes a derivative with respect to time, t, and the prime indicates a derivative with respect 
to the coordinate x. EI is the bending stiffness parameter, GJ is the torsional stiffness parameter, 
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K is the bending-torsion coupling parameter, m is the mass per unit length, and 𝐼𝑥 is the mass 
moment of inertia per unit length about the x-axis.  
 
Figure 4. Schematic of the two analytical degrees of freedom of the composite beam.  
 
Following the work by Weisshaar and Foist [18] the three stiffness parameters are 
calculated using Eq. (8-10),  
 




















The following study adopts a variable separation technique to obtain Green's functions, 
for the static-analysis of a BTC composite beam subjected to an external load, reducing Eq. (6) 
and (7) as  
 𝐸𝐼𝑤′′′′ − 𝐾𝜑 ′′′ =  𝑝(𝑥), (11) 
 𝐺𝐽𝜑 ′′ − 𝐾𝑤′′′ = 0. (12) 
The general solutions of the bending displacement, w(x), and twist angle, 𝜑(x), with a 
load, p(x), acting on the beam are expressed using the superposition principle in the following 
form [19,20] 
 w(x) = ∫ 𝑝(𝑥0)𝐺11
𝐿
0
(𝑥, 𝑥0)𝑑𝑥0, (13) 
 𝜑(x) = ∫ 𝑝(𝑥0)𝐺21
𝐿
0
(𝑥, 𝑥0)𝑑𝑥0 (14) 
 
where L is the length of the beam and 𝐺11 and 𝐺21 are Green’s functions to de determined. 
Physically, the Green’s function, 𝐺11 and 𝐺21, are respectively the static bending displacement 
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and twist response of the composite beam at a point 𝑥 due to a unit concentrated load acting at a 
position 𝑥0 [19]. Mathematically, 𝐺11 and 𝐺21 are the solutions of the following equations: 
 
 𝑤′′′′ − 𝑎1𝜑 
′′′ = 𝑎2 𝛿(𝑥 − 𝑥0), (15) 
 𝜑 ′′ − 𝑎3𝑤
′′′ = 0 (16) 
   
where the concentrated load 𝑝(𝑥) acting at a position 𝑥0, is described by a Diract delta function, 



















From Eqs. (15) and (16), it should be noted that 𝐺11(𝑥, 𝑥0) = 𝑤(𝑥, 𝑥0) and 𝐺21(𝑥, 𝑥0) =
𝜑(𝑥, 𝑥0), and thus may be used interchangeably. To derive the Green’s functions, the Laplace 
transform method with respect to the variable 𝑥 is applied to Eqs. (15) and (16) [19,21,22] to 
obtain  
 
𝑠4𝑤(𝑠) − 𝑠3𝑤(0) − 𝑠2𝑤′(0) − 𝑠𝑤′′(0) − 𝑤′′′(0) − 𝑎1(𝑠
3𝜑(𝑠) − 𝑠2𝜑 (0) − 𝑠𝜑′(0)
− 𝜑′′(0) = 𝑎2𝑒
−𝑥0𝑠, 
(20) 
𝑠2𝜑 (𝑠) − 𝑠𝜑 (0) − 𝜑 ′(0) − 𝑎3(𝑠
3𝑤(𝑠) − 𝑠2𝑤(0) − 𝑠𝑤(0) − 𝑤′′(0)) = 0. 
 
(21) 
where 𝑠 is the transformed domain generally a complex variable and 𝑤(0), 𝑤′(0), 𝑤′′(0), 
𝑤′′′(0), 𝜑(0), 𝜑′(0) and 𝜑′′(0) are constants to be determined by the boundary conditions of 
the beam. 
Equations (20) and (21) are linear equations and can be manipulated to obtain the 




 (1 − 𝑎1𝑎3)𝑠
4𝑤(𝑠)
=  𝑎2𝑒
−𝑥0𝑠 + (1 − 𝑎1𝑎3)𝑠
3𝑤(0) + (1 − 𝑎1𝑎3)𝑠
2𝑤′(0)
+ (1 − 𝑎1𝑎3)𝑠𝑤





















𝐺11 and 𝐺12 are obtained by taking the inverse Laplace of Eqs. (22) and (23) to 
respectively obtain the expressions as 
 

















where 𝐻(. ) is the Heaviside function, 𝑤(𝑛)(0) and 𝜑(𝑚)(0) are constants determined by the 
boundary conditions and the expressions 𝛼𝑖𝑗(𝑥) are provided in Appendix B.   
To determine the unknown constants 𝑤(0), 𝑤′(0), 𝑤′′(0), 𝑤′′′(0), 𝜑(0), 𝜑′(0) and 𝜑′′(0), 
the various derivatives of Eqs. (24) and (25), 𝑤(𝑛) (n=1,2,3) and 𝜑(𝑚) (m = 1,2), respectively, for 
𝑥 ≥  𝑥0 can be expressed as 
 
 𝑤(𝑛)(𝑥, 𝑥0) = 𝛼11












 𝜑(𝑚)(𝑥, 𝑥0) = 𝛼12












The relation between boundaries at x = 0 and x = L are established with Eq. (24), (25), (26), 



































































































𝜑(𝐿) − 𝛼12(𝐿 − 𝑥0)
𝜑′(𝐿) − 𝛼12
′(𝐿 − 𝑥0)








                             (28) 
 
For the interest of this paper, corresponding boundary conditions of a cantilevered beam 
are applied to obtain the unknown constants. The boundary conditions at 𝑥 = 0 and x = L for a 
cantilever beam are respectively, 𝑤(0) = 𝑤′(0) = 𝜑(0) = 0 and 𝑤′′(𝐿) = 𝑤′′′(𝐿) = 𝜑′(𝐿) =
𝜑′′(𝐿) = (0). Substituting the boundary conditions of a cantilever beam into Eq. (28), the matrix 























































.                                 (29) 
 
The unknown constants can then be solved using Cramer’s Rule and the Green’s 
functions, 𝐺11 and 𝐺12, for a cantilevered BTC composite beam are obtained from Eqs. (24) and 
(25) as 
















Eqs (30) and (31) represent the explicit expressions of the Green’s functions and once 
substituted into Eqs. (13) and (14), the general solutions of bending displacement, w(x), and 
twist, 𝜑(𝑥), under an applied load, p(x), may be determined. [R.C.1] 
The Green’s functions of a BTC composite beam with stacking sequence [𝜃]8 are shown 
in Figure 5. The beam was subject to cantilevered boundary conditions and a unit concentrated 
load of 1 N at 𝑥0 = 𝐿. The material properties and geometric parameters in [23] are used for the 














(a)       
 
(b) 
Figure 5. The Green’s function solutions, (a) bending displacement, w, and (b) twist, 𝜑, of cantilevered 
BTC composite laminates: [10]8, [20]8, [30]8, and [40]8 with a 1 N load applied at the free end.  
2.2.2 Analytical Model Validation 
The analytical Green’s functions model was used to determine the structural bending 
displacement and twist of two BTC composite laminates of stacking sequences: [20]8 and [30]8. 
The composite beam geometry, lamina thickness, and material properties of a carbon-fiber epoxy 
composite were modelled from experimental studies of a cantilever composite beam performed 
by Babuska [23]. The composite beam was subject to a discreet load ranging from 0.5 N to 1.5 N 
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at the center of free end. The experimental results of the laminate are compared and validated 
with results using the derived Green’s functions and nonlinear FEA.   
ANSYS APDL was used to develop a nonlinear FEA of the laminate. The 4-node 3D 
shell element, Shell181, was assigned to the laminate, because it is well suited for thin structures 
and large rotation and large strain nonlinear applications. An element edge length of 1 mm was 
used which produced converging results within reasonable computation time. The ANSYS 
APDL code is shown in Appendix D. 
The analytical and FEA bending displacement and twist results were compared to the 
experimental results at the 150 mm location along the span of the beam from the fixed end as 
was done by Babuska [23]. Figure 6 and 7 show the bending displacement and twist results for 
laminates [30]8 and [20]8, respectively. In comparison with experimental results for the laminate 
[30]8 with an applied load of 0.5 N, the Green’s function model had a percent error of 6.5% and 
2.5%, the bending displacement and twist, respectively. However, as the load applied increased, 
the behavior of the composite beam undergoes geometric nonlinearity due to large displacements 
and large rotations leading to larger percent errors. As shown by Table 1, as the applied load 
increased to 1.5 N, the Green’s functions percent error increased to 35.5% and 25.9%, the 
bending displacement and twist, respectively, when compared to the experimental results. 
Similar comparisons between the Green’s functions and experimental results are shown for 
laminate [20]8. Due to the high degree of geometric nonlinearity shown through the experiments, 









Figure 6. Analytical Green Functions, FEA, and experimental results [29] comparing (a) bending 







Figure 7. Analytical Green Functions, FEA, and experimental results [29] comparing (a) bending 
displacement and (b) twist, for composite layup [20]8. 
 
The analytical solutions are determined by the underlying assumptions, therefore, to 
account for the nonlinear behavior of the laminate, a nonlinear FEA analysis was also compared 
to experimental results. The percent errors are shown in Table 1 and Table 2, for laminates [30]8 
and [20]8, respectively. In comparing nonlinear FEA to experimental results, it was shown that as 
the applied load increased, the percent error decreased when considering geometric nonlinearity. 
From comparisons, as the laminate undergoes larger displacements and rotations, a non-linear 
analysis is therefore required to characterize the load-deformation behavior. The analytical 
17 
 
method would, therefore, need to account for nonlinear response, such as shear deformations, 
rotary inertia and warping effects which were neglected in the Green’s function formulation.  
[R.C.2] 
 
Table 1. Analytical Green’s funcitons and nonlinear FEA bending displacement and twist percent error 
comparison to experimental results of composite laminate [30]8 
 Bending Displacement Percent Error (%) Twist Percent Error (%) 
Force (N) 0.5 1 1.5 0.5 1 1.5 
Nonlinear 
FEA 
9.5 6.5 2.9 13.5 9.3 5.7 
Analytical 
solution 
6.5 18.8 35.5 2.5 10.2 25.9 
 
Table 2. Analytical Green’s funcitons and nonlinear FEA bending displacement and twist percent error 
comparison to experimental results of composite laminate [20]8 
 Bending Displacement Percent Error (%) Twist Percent Error (%) 
Force (N) 0.5 1 1.5 0.5 1 1.5 
Nonlinear 
FEA 
8.7 16.7 23.7 16.4 10.2 8.2 
Analytical 
solution 















3 Multi-Objective Optimization for a BTC Composite Beam 
3.1 Formulation of the Optimization Problem 
This paper considers a multi-objective optimal design of a BTC composite beam. An elitist 
non-dominated sorting genetic algorithm (NSGA-II) is implemented to obtain the Pareto-optimal 
designs for a BTC composite beam. The multi-objective optimization has two objective 
functions that need to be minimized and are of the following form: 
 
 𝑚𝑖𝑛 𝑓𝑚(𝜃),          𝑚 = 1, 2 
 
(32) 
 𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜:  0 ≤ 𝜃𝑖 ≤ 90,    𝑖 =  1, 2, 3, 4 (33) 
 
where 𝑓𝑚(𝜃) are the objective functions and 𝜃𝑖 are the respective fiber angles the composite 
lamina. The objective functions were determined using two methods: the analytical Green’s 
functions and nonlinear FEA. Two studies are presented in this work with similar objective 
functions. First, the framework is validated with a simple study considering a cantilevered 
composite beam of which the aim it to obtain a desired stacking sequence. The second study uses 
the validated optimization framework to design a BTC composite wingtip modeled as a 
rectangular beam to achieve desired structural behavior.  
The Pareto optimal solutions for both multi-objective optimization case studies were 
obtained using a NSGA-II algorithm with an initial population size of 100 and iteration step of 
10. A parametric study was performed to determine the initial population size and iteration value, 
to achieve diverse Pareto front results and convergence.   
 
3.2 Validation of the Optimization Framework 
For the following study, the work focused on validating the optimization algorithm by 
optimizing for desired displacement and twist values of a carbon fiber-epoxy composite beam 
with stacking sequence [𝜃]8. The material properties and geometrical properties discussed in 
Section 2.2.2 were used. The objective of this case was to determine if the optimization 
algorithm may achieve a desired stacking sequence of [30]8. In Section 2.2.2 the displacement 
and twist results for a composite laminate [30]8 were discussed and used as inputs into the 
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objective functions of the optimization as our desired values. The objective functions for the 
optimization problem are set up as follows 
𝑓1(𝜃) = |










The objective functions of the problem are to minimize the magnitude error between a 
desired bending displacement and desired twist from the output displacement and output twist 
value of the analytical and numerical calculation. Table 3 shows the desired displacement and 
twist values when a load of 0.5 N, 1 N and 1.5 N were applied to the composite laminate [30]8, 
respectively. 
The Pareto optimal solutions are shown in Figure 8 when using the Green’s functions in 
the objective functions and the selected optimal solutions are given in Table 3. In Section 2.2.2 it 
was determined that the validity of the Green’s functions was limited to linear structural behavior 
and as geometrical nonlinearities occurred, the Green’s function results produced larger error in 
comparison to experimental results. The effect of nonlinear structural behavior was also apparent 
in the optimization results.  
 
Table 3. Selected optimal laminates selected from the Pareto front results (Figure 8) achieved using 
Green’s functions for a stacking sequence [𝜃]8 





0.5 16.9 7.7 [29.6]8 17.6 7.5 
1 30.3 13.7 [24.2]8 26.7 14.2 
1.5 39.8 17.9 [20.4]8 31.7 19.4 
 
 
For an applied concentrated load of 0.5 N, the Pareto optimal solutions (Figure 8.a) 
determined optimal fiber angles ranging from 28.6° - 31.5°. The selected optimal solution from 
Figure 8.a was a stacking sequence of [29.6]8 which results in bending displacement and twist of 
17.6 mm and 7.5°, respectively. In comparison to the desired values for a load of 0.5 N, the 
displacement and twist magnitude percentage errors are 4.1% and 2.6%, respectively. The 
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optimal result shows that when the laminate behaves geometrically linear, the Green’s functions 
was able to predict the desired displacement and twist values and close to the desired stacking 
sequence of [30]8 within an error of 1.3%. However, as was predicted, when the load increased to 
1 N and 1.5 N, the optimal solutions ranged from 22.5° - 26.5° and 17.9° - 24.1°, respectively. It 
is evident that as the load increased, geometric nonlinearities also increased which therefore the 
optimal fiber angles varied from the desired 30°. The optimization algorithm therefore was 
proven to accurately determine a laminate stacking sequence given desired bending displacement 






Figure 8. Pareto optimal solutions of a laminate with stacking sequence [𝜃]8 with an applied load of (a) 







Figure 8. (cont.) 
 
For comparison, the optimal laminates using nonlinear FEA ranged from 29.1° to 32.0° 
over all applied loads and Table 4 shows the selected optimal solutions when using nonlinear 
FEA. In Section 2.2.2 it was shown that as the applied force increases, the percent error between 
numerical and experimental results decreased. A similar result is shown through the 
optimization, as the force increased, the optimal laminate fiber angle converged closer to the 
desired angle of 30°. The percent errors are for each respective optimal laminate are also shown 
to decrease as force is increased.  
 
Table 4. Selected optimal laminates selected from the Pareto front results achieved using nonlinear FEA 
for a stacking sequence [𝜃]8 
Force (N) D (mm) T (°) Optimal 
laminate 
d (mm) t (°)  Displacement 




0.5 16.9 7.7 [31.9]8 17.4 7.0 2.9 10.0 
1 30.3 13.7 [31.1]8 30.8 12.9 1.6 6.2 
1.5 39.8 17.9 [30.3]8 40.3 17.4 3.2 2.9 
 
The aim of the study was to determine the validity of the optimization framework 
algorithm. The results showed as expected that when using analytical Green’s functions, the 
optimization algorithm was able to predict the desired composite stacking sequence to a small 
error in the geometrically linear regime and as the nonlinearity of the composite beam increased 
due to increased load, the optimization results increased in error as well. The optimization 
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algorithm was also validated using nonlinear FEA and converged results provided desired 
results. [R.C.3] 
 
3.3 Optimization Design of a BTC Composite Wingtip  
For the optimal design of a BTC composite wingtip, using the objective function in Eqs. 
(34) and (35), the desired values were based on bending displacement (dihedral angle) and twist 
(incidence angle) configurations tested in literature by Smith et al. [8] and Lynch et al. [10], that 
were found to improve aerodynamic performance of a multi-winglet system. The bending 
displacement considered was 25 mm, representative of a dihedral angle of 20°, and a twist of 
10°.  
The study was performed on a four-layer symmetric continuous carbon fiber-epoxy 
composite using the same material properties as Section 2.2.2. Two composite stacking 
sequences were considered for case study II: [𝜃]4 and [𝜃1/𝜃2]𝑠, as shown in Figure 9.  
 
Figure 9. Symmetric laminate about the midplane (a) composite layup [𝜃]4 (b) composite layup [𝜃1/𝜃2]𝑠. 
 
The composite length and width were based on the multi-winglet dimensions tested by 
Lynch et al. [10], and the layer thickness of 0.153 mm was chosen based on the thickness of 
available commercial carbon fiber sheets. The beam dimensions were 75 mm x 25 mm x 0.61 
mm, the length, width and height, respectively. The composite beam was subject to cantilever 
boundary conditions with a transverse load of 1 N applied at the center of the free end.  
The Pareto optimal fronts are shown in Figure 10 and Figure 11, the solutions corresponding 
to using Green’s functions and nonlinear FEA, respectively. The selected Pareto optimal 
solutions chosen for the composite stacking sequences [𝜃]4 and [𝜃1/𝜃2]𝑠 with their 









Figure 10. Pareto optimal solutions for the multi-objective optimization of a BTC composite beam using 












Figure 11. Pareto optimal solutions for the multi-objective optimization of a BTC composite beam using 
composite layup a) [𝜃]4 and b) [𝜃1/𝜃2]𝑠 , and ANSYS outputs as the objective functions. 
 
Utilizing the analytical Green’s functions as an output for the objective functions, the optimal 
stacking sequence selected for a stacking sequence of [𝜃]4 was [43.9]4. Using the Green’s 
functions to calculate, the optimal stacking sequence of [43.9]4 resulted in a bending 
displacement and twist of 23.0 mm and 9.2°, respectively. The magnitude percent error between 
the optimal result and the desired bending displacement and twist was 8.7% for both. However, 
using nonlinear FEA for the objective functions, resulted in an optimal stacking sequence of 
[52.8]4 which output a bending displacement and twist of 20.6 mm and 6.2°, respectively. As 
shown in Table 1 and 2, the numerical simulation had a larger percent error and underpredicted 
in the linear region in comparison to the analytical solution. The elements in the bending 
stiffness matrix, [D], as shown in Section 2.1, are functions of the fiber orientation angle, thus, it 
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is assumed that the optimization using nonlinear FEA overpredicted the fiber angle orientation in 
order to decrease the beam’s bending stiffness and achieve a larger displacement. 
A stacking sequence of [𝜃1/𝜃2]𝑠 was also studied to determine if varying the symmetric fiber 
orientations resulted in an optimal solution closer to the desired values. The optimal stacking 
sequences of [𝜃1/𝜃2]𝑠 are given in Table 5. The discrepancy in optimal stacking sequence can 
also be observed, however, for both analytical and numerical optimal solutions, the magnitude 
percent error decreased. For example, the optimal stacking sequence using Green’s functions was 
[47.1,92.0]s which resulted in a magnitude percent error for the bending displacement and twist 
of  3.7% and 4.2%, respectively. The percent error for all the optimal solutions are within the 
percent errors experienced in Section 2.2.2 when comparing numerical and analytical results to 
experimental results. It can be concluded that both the analytical Green’s functions method and 
numerical model provide rough approximations for optimal stacking sequences of the laminate.  
Of significant difference, were the computational times to compute the optimization problem. 
Green’s functions led to substantial savings in computational time when compared to numerical 
nonlinear FEA, which are typically used when an analytical model is not present. As shown in 
Table 5, computational time using Green’s functions decreased by over half in comparison to 
using nonlinear FEA for optimization. The trade-off in structural behavior error is, therefore, 
compensated by the savings in computational time and can also be factored into as a design 
variable when designing BTC composites. The multi-objective optimal design of a BTC 
composite using Green’s functions can therefore be applied to early stages of design for cost 
effectiveness. 
 
Table 5. Selected pareto optimal solutions for optimization of case study II of a BTC composite with 
















[𝜃]4 [43.9]4 23.0 9.2 1.18 
Nonlinear 
FEA 
[𝜃]4 [52.8]4 20.6 6.2 3.45 
Green’s 
function 
[𝜃1/𝜃2]𝑠 [47.1,92.0]s 24.1 9.6 1.36 
Nonlinear 
FEA 




4 Experimental Method  
4.1 Composite Fabrication  
The laminate beam with a stacking sequence of [𝜃]4 was designed based on the optimization 
results from Section 3.3. The optimal laminate sequence [44]4 and [53]4 were chosen from the 
optimization results using Green’s functions and numerical results, respectively. The laminate 
beam test samples were made from unidirectional carbon fiber fabric with a thickness of 0.1524 
mm and System 2000 Epoxy resin from Fibreglast. Using a hand lay-up technique, a composite 
laminate, [0]4, of dimensions 304.8 mm x 152.4 mm x 0.61 mm, respectively the length, width 
and thickness, was manufactured.  
A mold surface was first treated by applying a release adhesive agent to the surface to avoid 
sticking to the surface. Then, a thin plastic sheet of release film is applied on the mold surface to 
get a smooth surface product. The carbon fiber fabric is cut to the desired length, width and 
number of layers. The epoxy resin is then mixed with its respective hardener and mixed until 
bubbles are not as apparent. Using a brush to uniformly spread the resin, an initial layer is placed 
on the release film that is on the mold surface. The bottom of the first carbon fiber layer is then 
placed over the initial resin layer and using the brush a resin layer is added to the top of the 
carbon fiber fabric. For each layer, the preceding layer is pressured down using a roller to 
remove any trapped air bubbles and excess resin. Once all layers are complete, the mold is 
placed inside a vacuum bag with a breather layer of woven material and the vacuum fittings are 
added and a vacuum is applied, as shown in Figure 12. The laminate is then set and cured for 48 





Figure 12. Vacuum bag set up for composite laminate fabrication with vacuum fittings attached to 
extract the air within the bagging.  
 
Three individual laminate beams with dimensions 75 mm x 25 mm x 0.61 mm, respectively, 
the length, width and thickness, for each respective fiber angle were cut at an angle of 44° and 
53° with respect to the larger laminate’s principle material axis. The carbon fiber epoxy 
composite material properties were assumed similar to the laminate beams tested by Babuska 
[23]. 
 
4.2 Static Cantilevered Beam Test 
Static cantilevered tests were performed to study the bending displacement and twist 
behavior of a laminate beam. Figure 13 shows the experimental setup. For this experiment, each 
laminate beam had a hole drilled into the center of the free end and a single point load was added 




Figure 13. Experimental setup for discrete bend-twist characterization of composite wingtips with 
clamped-free boundary conditions and an applied point load. The red line indicates the location of the 
applied load and measured deflection and twist. 𝑤𝑅 and 𝑤𝐿 are the deflections in the z direction at the 
right and left edges of the free end of the wingtip, respectively. 
 
The free tip edges of the laminate were marked with a red color to distinguish from the 
background of the image. A video of the laminate under each respective load was recorded using 
a Nikon D3400 camera until reaching equilibrium and using MATLAB’s Image Processing 
Toolbox the videos were converted into respective frames. From each frame, the x and y-pixel 
locations of the marked free edges of the laminate were determined as shown in Figure 14. 
       
Figure 14. Image processing frames of laminate [44]4 for (a) initially unloaded position and (b) at 
equilibrium with a load of 1 N applied. The frames show the coupling behavior between bending 




 A scale in the images provided a pixel to mm conversion, to detect and record the twist 
and bending displacement of the laminate beam. The mid-line bending displacement and twist 
were calculated from the displacement of the tip edges. The mid-line bending displacement and 












4.3 Experimental Results 
Figure 15 and 16, respectively show the average bending displacement and average twist 
experimental results obtained for three test samples of laminate [44]4.  The experimental results 
of a laminate sequence of [44]4 was compared to nonlinear numerical results and the analytical 
model based on Green’s functions. From the comparison between experimental results and 
nonlinear FEA it is evident that the numerical simulations underestimated the experimental 
results. However, the difference in percentage magnitude between experimental results and 
numerical simulations decreased as the force applied increased for both displacement and twist. 
The percentage magnitude error for a force of 0.25 N were 40.5% and 33.7%, respectively for 
displacement and twist and then decreased to 14.0% and 8.7%, respectively, when a load of 1.5 
N was applied. The percentage decrease can be attributed to the geometric nonlinearities 
observed in both the displacement and twist curves when the applied force increases around 1 N. 
The geometric nonlinearities are also apparent in comparison to the linear analytical model. For 
an applied force of 0.25 N, 0.5 N and 0.75 N, the magnitude difference between experimental 
and analytical displacements are 24.9%, 9.1% and 0.11%, respectively. As the force increased 
into the nonlinear regime, the percentages increased. Similar comparisons are observed between 





Figure 15. Analytical Green Functions, FEA, and experimental results comparing bending displacement 
for composite layup [44]4. The error bars correspond to the standard deviation of bending displacement 
between all three test samples. The red marker showcases the desired bending displacement of 25 mm.  
 
 
Figure 16. Analytical Green Functions, FEA, and experimental results comparing bending displacement 
for composite layup [44]4.The error bars correspond to the standard deviation of twist between all three 





Figure 17 and 18, respectively show the average bending displacement and average twist 
experimental results obtained for three test samples of laminate [53]4 and were compared to 
numerical and analytical results. Similar to stacking sequence [44]4 the numerical results 
underpredicted both the analytical and experimental results. Also, as expected, as the load 
increased, and the tested samples entered the nonlinear regime, the percent difference between 
the analytical and experimental results increased. The notable difference between the two tested 
sample fiber angles, were the difference to the desired bending displacement, 25 mm, and twist, 
10°, when a load of 1 N is applied. The composite beam, [53]4, overpredicted the bending 
displacement and twist, with an error of 14.3% and 31.3%, respectively, in comparison to the 
desired values. While, the [44]4 stacking sequence had an error of 19.9% and 11.5%, the bending 
displacement and twist, respectively. From the experimental results, it may be concluded that the 
optimal stacking sequence obtained from using the Green’s functions resulted in a desired 
stacking sequence with total error values lower than the numerical optimal result. The Green’s 
function optimal result may be correlated to the tested samples still structurally deforming in the 
linear regime for a force of 1 N applied. However, further testing is required with a greater set of 
test samples and greater composite fabrication precision.  
 
 
Figure 17. Analytical Green Functions, FEA, and experimental results comparing bending displacement 
for composite layup [53]4. The error bars correspond to the standard deviation of bending displacement 




Figure 18. Analytical Green Functions, FEA, and experimental results comparing bending displacement 
for composite layup [53]4.The error bars correspond to the standard deviation of twist between all three 
test samples. The red marker showcases the desired twist of 10 °.   
 
The percentage errors can be attributed to the experimental testing and numerical and 
analytical approximations. The numerical simulations and analytical results both assumed 
material properties of a carbon fiber epoxy laminate [23], due to manufacturer data specifications 
not being readily available, thus, introducing uncertainties. The fabrication method, hand lay-up 
technique, produced further uncertainties in uniform laminate thickness. The thickness of the 
laminate varied along the geometry due to the resin distribution when added and during curing. 
Furthermore, during testing, the location of the applied force may have deviated slightly from the 
central span axis of the laminate beam, thus, introducing geometrical coupling effects. The 
differences in results, however, have shown a useful baseline for the design of BTC laminate 









5 Conclusions and Future Work 
5.1 Summary of the Work and Original Contributions 
This study presented an engineering design framework for the optimal design of a BTC 
composite wingtip modeled as rectangular beam. The original contributions were as follows: 
• [R.C.1] The analytical Green’s functions of a BTC composite beam were derived 
under cantilever boundary conditions and a unit concentrated load. A Laplace 
transform was applied to derive the Green’s functions and the method may be applied to 
arbitrary boundary conditions.   
• [R.C.2] The BTC composite bending displacement and twist were characterized 
using analytical Green’s functions, finite element analysis and experimental results 
found in literature. The results showcase the Green’s functions are within desirable 
percent errors in both bending displacement and twist in the geometrically linear regime. 
• [R.C.3] An optimization framework using the analytical Green’s functions was 
presented for the design of BTC composite wingtips. The framework was implemented 
on a case study to validate constraints and the objective functions using Green’s 
functions. For comparison, the optimization framework was also performed using a 
numerical method. The multi-objective optimization results presented show the NSGA-II 
algorithm was able to converge to desired results using the Green’s functions and 
numerical method. The optimization performed using Green’s functions were able to 
converge to desired results in the geometrically linear regime while the numerical method 
optimization converged to desired results in both the geometrically linear and nonlinear 
regime.   
• [R.C.4] The validated optimization framework was used in this study to obtain an 
optimal BTC composite wingtip. The optimally designed BTC composite wingtip 
showed the optimization framework was applicable to geometrically linear 
composite beams through experimental results.  It was shown that through using the 
Green’s functions in the optimization framework, the optimization computational 





5.2 Future Work 
Future work includes the design of individual composite wingtips to achieve varying 
bending displacement and twist coupling and incorporate the composite wingtips onto a 
multi-wingtip device. The optimization framework will be adapted to incorporate various 
design variables such as beam geometry and stacking sequences. The objective functions will 
also be changed for varying desired objectives such as maximizing/minimizing the coupling 
effect ratio.  
The analytical model assumptions were based Bernoulli-Euler beam theory, thus, future 
work in the analytical model are to apply the Laplace Transform method to equations of 
motions of BTC composite beams that consider warping effects, shear deformation, and the 
Poisson effect. The formulated analytical solution will be validated by comparing to 
previously published data numerical and experimental results. The derived Green’s functions 
will be of help for sensitivity analysis and optimization studies with computational 
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Appendix A General Orthotropic Lamina (𝜽 ≠ 𝟎° 𝒐𝒓 𝟗𝟎°) 
The following equations are used to calculate the elastic properties of an angle -ply laminate, 
?̅?𝑖𝑗,with continuous fibers aligned at an angle, 𝜃,  with respective to the x-direction. 
                                    ?̅?11 = 𝑄11𝑐𝑜𝑠
4𝜃 + 2(𝑄12 + 2𝑄66)𝑠𝑖𝑛
2𝜃𝑐𝑜𝑠2𝜃 + 𝑄22𝑠𝑖𝑛
4𝜃 
                                    ?̅?12 = 𝑄12(𝑠𝑖𝑛
4𝜃 + 𝑐𝑜𝑠4𝜃) + (𝑄11 + 𝑄22 − 4𝑄66)𝑠𝑖𝑛
2𝜃𝑐𝑜𝑠2𝜃 
                                    ?̅?22 = 𝑄11𝑠𝑖𝑛
4𝜃 + 2(𝑄12 + 2𝑄66)𝑠𝑖𝑛
2𝜃𝑐𝑜𝑠2𝜃 + 𝑄22𝑐𝑜𝑠
4𝜃 
     ?̅?16 = (𝑄11 − 𝑄12 − 2𝑄66)𝑠𝑖𝑛𝜃𝑐𝑜𝑠
3𝜃 + (𝑄11 − 𝑄12 + 2𝑄66)𝑠𝑖𝑛
3𝜃𝑐𝑜𝑠𝜃 
    ?̅?26 = (𝑄11 − 𝑄12 − 2𝑄66)𝑠𝑖𝑛
3𝜃𝑐𝑜𝑠𝜃 + (𝑄11 − 𝑄12 + 2𝑄66)𝑠𝑖𝑛𝜃𝑐𝑜𝑠
3𝜃 
   ?̅?66 = (𝑄11 + 𝑄12 − 2𝑄12 − 2𝑄66)𝑠𝑖𝑛
2𝜃𝑐𝑜𝑠2𝜃 + 𝑄66(𝑠𝑖𝑛
4𝜃 + 𝑐𝑜𝑠4𝜃) 
 













where, 𝐸11, 𝐸22 𝐺12, 𝑣21 and 𝑣12 represent the longitudinal Young’s modulus, transverse 





















Appendix B Inverse Transform Solutions  
 
The expressions of 𝛼11(𝑥),…, 𝛼81(𝑥) which are used in Eq. 24 are 





𝛼21(𝑥) = 1 
















The expressions of 𝛼12(𝑥),…, 𝛼82(𝑥) which are used in Eq. 25 are 










𝛼62(𝑥) = 1 














Appendix C Green’s Function Solutions MATLAB Script 
 
% % %beam dimensions: Bend-Twist Coupled Carbon-Fiber Laminate Beams paper 
% L = 210/1000;%254/1000; %length 
% b = 0.02464;%0.0254; %width of beam 
% h = 0.001048;  
% x0 = L; %location of acting force 
  
% %beam dimensions: optimization case study 
L = 75/1000;%254/1000; %length 
b = 25/1000; 
h = (4*0.1524)/1000;  
x0 = L; %location of acting force 
  
%%% material properties: Bend-Twist Coupled Carbon-Fiber Laminate Beams paper 
G_12 = 4.93*10^9; %units: GPa 
G13 = 4.93*10^9; 
G23 = 3.09*10^9; 
E_1 = 141*10^9; 
E_2 = 8.9600*10^9; 
nu_12 = 0.316; 
nu_21 = 0.0201; 
nu_23 = nu_12*((1-nu_21)/(1-nu_12)); %E_2/(2*G23) - 1; 
  
  
% f1 = x(1); %fiber angle layer 1 
% f2 = x(2); %fiber angle layer 2 
% f3 = x(2); %fiber angle layer 3 
% f4 = x(1); %fiber angle layer 4 
  
f1 = x; %fiber angle layer 1 
f2 = x; %fiber angle layer 2 
f3 = x; %fiber angle layer 3 
f4 = x; %fiber angle layer 4 
  
%deg to rad 
% theta = [f1 f2 f3 f4 f4 f3 f2 f1]; 
theta = [f1 f2 f3 f4]; 
theta = theta*pi/180; 
N = length(theta); %total layers 
  
%Orthotropic Constitutive equation  %%Stiffness matrix checked 
%Stiffness  
Q_xx = E_1/(1-nu_12*nu_21); 
Q_yy = E_2/(1-nu_12*nu_21); 
Q_xy = nu_12*E_2/(1-nu_12*nu_21); 
Q_ss = G_12; 
  
Q = [Q_xx, Q_xy, 0; 
    Q_xy, Q_yy, 0; 
    0, 0, Q_ss]; 
  
Q11 = E_1/(1-nu_12*nu_21); 
Q22 = E_2/(1-nu_12*nu_21); 
40 
 
Q12 = nu_12*E_2/(1-nu_12*nu_21); 
Q66 = G_12; 
  
Q_general = cell(N); 
  
for count=1:N 
%Stress transformation matrix  %transformation matrix checked 
T = [cos(theta(count)).^2, sin(theta(count)).^2, 2*sin(theta(count))*cos(theta(count)); 








D = zeros(3,3); 
B = zeros(3,3); 
A = zeros(3,3); 
  
t = h/N;  %thickness of one ply (m)  assuming same thicknesses 
  
z = zeros(1,length(theta)+1); 
for counter = 1:(length(theta)+1) 




    D = D + (1/3)*Q_general{k}*(z(k+1).^3-z(k).^3); 
    B = B + (1/2)*Q_general{k}*(z(k+1).^2-z(k).^2); 
    A = A + Q_general{k}*(z(k+1)-z(k)); 
end 
  
Amatrix = A; 
Bmatrix = B; 
Dmatrix = D; 
  
%CLPT values 
D11 = D(1,1); 
D12 = D(1,2); 
D16 = D(1,3); 
D22 = D(2,2); 
D26 = D(2,3); 
D66 = D(3,3); 
  
%%beam 
K = 2*b*(D16 - ((D12*D26)/D22)); 
ExIy = b*(D11 - (D12*D12/D22)); 
GJ = 4*b*(D66 - (D26*D26/D22)); 
a1 = K/(ExIy);  
a2 = 1/(ExIy); 




%sa11 = (a2*exp(-x0*s))/(s^4 -a1*a3*s^4); 
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sa11 = (a2)/(s^4 - a1*a3*s^4); 
sa21 = (s^3 - a1*a3*s^3)/(s^4 - a1*a3*s^4); 
sa31 = (s^2 - a1*a3*s^2)/(s^4 - a1*a3*s^4); 
sa41 = (s - a1*a3*s)/(s^4 - a1*a3*s^4); 
sa51 = 1/(s^4 - a1*a3*s^4); 
sa61 = 0/(s^4 - a1*a3*s^4); 
sa71 = 0/(s^4 - a1*a3*s^4); 
sa81 = -a1/(s^4 - a1*a3*s^4); 
  
%phi 
%sa12 = ((a3*a2/s)*exp(-x0*s))/(s^2 - a3*a1*s^2); 
sa12 = (a3*a2/s)/(s^2 - a3*a1*s^2); 
sa22 = 0/(s^2 - a3*a1*s^2); 
sa32 = 0/(s^2 - a3*a1*s^2); 
sa42 = 0/(s^2 - a3*a1*s^2); 
sa52 = (a3)/(s^2 - a3*a1*s^2); 
sa62 = (s - a1*a3*s)/(s^2 - a3*a1*s^2); 
sa72 = (1 - a1*a3)/(s^2 - a3*a1*s^2); 
sa82 = (-a1*a3/s)/(s^2 - a3*a1*s^2); 
  
%H 
a11 = ilaplace(sa11); 
a21 = ilaplace(sa21); 
a31 = ilaplace(sa31); 
a41 = ilaplace(sa41); 
a51 = ilaplace(sa51); 
a61 = ilaplace(sa61); 
a71 = ilaplace(sa71); 
a81 = ilaplace(sa81); 
  
%phi 
a12 = ilaplace(sa12); 
a22 = ilaplace(sa22); 
a32 = ilaplace(sa32); 
a42 = ilaplace(sa42); 
a52 = ilaplace(sa52); 
a62 = ilaplace(sa62); 
a72 = ilaplace(sa72); 
a82 = ilaplace(sa82); 
  
syms t %used to determine the derivitives of the aXX equations 
  
%H - displacement 
a11d = diff(simplify(vpa(a11)),t); 
a21d = diff(simplify(vpa(a21)),t); 
a31d = diff(simplify(vpa(a31)),t); 
a41d = diff(simplify(vpa(a41)),t); 
a51d = diff(simplify(vpa(a51)),t); 
a61d = diff(simplify(vpa(a61)),t); 
a71d = diff(simplify(vpa(a71)),t); 
a81d = diff(simplify(vpa(a81)),t); 
  
a11dd = diff(simplify(vpa(a11d)),t); 
a21dd = diff(simplify(vpa(a21d)),t); 
a31dd = diff(simplify(vpa(a31d)),t); 
a41dd = diff(simplify(vpa(a41d)),t); 
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a51dd = diff(simplify(vpa(a51d)),t); 
a61dd = diff(simplify(vpa(a61d)),t); 
a71dd = diff(simplify(vpa(a71d)),t); 
a81dd = diff(simplify(vpa(a81d)),t); 
  
a11ddd = diff(simplify(vpa(a11dd)),t); 
a21ddd = diff(simplify(vpa(a21dd)),t); 
a31ddd = diff(simplify(vpa(a31dd)),t); 
a41ddd = diff(simplify(vpa(a41dd)),t); 
a51ddd = diff(simplify(vpa(a51dd)),t); 
a61ddd = diff(simplify(vpa(a61dd)),t); 
a71ddd = diff(simplify(vpa(a71dd)),t); 
a81ddd = diff(simplify(vpa(a81dd)),t); 
  
%phi  
a12d = diff(simplify(vpa(a12)),t); 
a22d = diff(simplify(vpa(a22)),t); 
a32d = diff(simplify(vpa(a32)),t); 
a42d = diff(simplify(vpa(a42)),t); 
a52d = diff(simplify(vpa(a52)),t); 
a62d = diff(simplify(vpa(a62)),t); 
a72d = diff(simplify(vpa(a72)),t); 
a82d = diff(simplify(vpa(a82)),t); 
  
a12dd = diff(simplify(vpa(a12d)),t); 
a22dd = diff(simplify(vpa(a22d)),t); 
a32dd = diff(simplify(vpa(a32d)),t); 
a42dd = diff(simplify(vpa(a42d)),t); 
a52dd = diff(simplify(vpa(a52d)),t); 
a62dd = diff(simplify(vpa(a62d)),t); 
a72dd = diff(simplify(vpa(a72d)),t); 
a82dd = diff(simplify(vpa(a82d)),t); 
  
%turn symbolic equation into executable equation 
%H  
q11 (t) = simplify(vpa(a11)); 
q21 (t) = simplify(vpa(a21)); 
q31 (t) = simplify(vpa(a31)); 
q41 (t) = simplify(vpa(a41)); 
q51 (t) = simplify(vpa(a51)); 
q61 (t) = simplify(vpa(a61)); 
q71 (t) = simplify(vpa(a71)); 
q81 (t) = simplify(vpa(a81)); 
  
q11d (t) = simplify(vpa(a11d)); 
q21d (t) = simplify(vpa(a21d)); 
q31d (t) = simplify(vpa(a31d)); 
q41d (t) = simplify(vpa(a41d)); 
q51d (t) = simplify(vpa(a51d)); 
q61d (t) = simplify(vpa(a61d)); 
q71d (t) = simplify(vpa(a71d)); 
q81d (t) = simplify(vpa(a81d)); 
  
q11dd (t) = simplify(vpa(a11dd)); 
q21dd (t) = simplify(vpa(a21dd)); 
q31dd (t) = simplify(vpa(a31dd)); 
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q41dd (t) = simplify(vpa(a41dd)); 
q51dd (t) = simplify(vpa(a51dd)); 
q61dd (t) = simplify(vpa(a61dd)); 
q71dd (t) = simplify(vpa(a71dd)); 
q81dd (t) = simplify(vpa(a81dd)); 
  
q11ddd (t) = simplify(vpa(a11ddd)); 
q21ddd (t) = simplify(vpa(a21ddd)); 
q31ddd (t) = simplify(vpa(a31ddd)); 
q41ddd (t) = simplify(vpa(a41ddd)); 
q51ddd (t) = simplify(vpa(a51ddd)); 
q61ddd (t) = simplify(vpa(a61ddd)); 
q71ddd (t) = simplify(vpa(a71ddd)); 
q81ddd (t) = simplify(vpa(a81ddd)); 
  
%phi 
q12 (t) = simplify(vpa(a12)); 
q22 (t) = simplify(vpa(a22)); 
q32 (t) = simplify(vpa(a32)); 
q42 (t) = simplify(vpa(a42)); 
q52 (t) = simplify(vpa(a52)); 
q62 (t) = simplify(vpa(a62)); 
q72 (t) = simplify(vpa(a72)); 
q82(t) = simplify(vpa(a82)); 
  
q12d (t) = simplify(vpa(a12d)); 
q22d (t) = simplify(vpa(a22d)); 
q32d (t) = simplify(vpa(a32d)); 
q42d (t) = simplify(vpa(a42d)); 
q52d (t) = simplify(vpa(a52d)); 
q62d (t) = simplify(vpa(a62d)); 
q72d (t) = simplify(vpa(a72d)); 
q82d (t) = simplify(vpa(a82d)); 
  
q12dd (t) = simplify(vpa(a12dd)); 
q22dd (t) = simplify(vpa(a22dd)); 
q32dd (t) = simplify(vpa(a32dd)); 
q42dd (t) = simplify(vpa(a42dd)); 
q52dd (t) = simplify(vpa(a52dd)); 
q62dd (t) = simplify(vpa(a62dd)); 
q72dd (t) = simplify(vpa(a72dd)); 
q82dd (t) = simplify(vpa(a82dd)); 
  
%solving for unknown constants: cantilever beam 
d = [q41dd(L) q51dd(L) q71dd(L) q81dd(L);... 
     q41ddd(L) q51ddd(L) q71ddd(L) q81ddd(L);... 
     q42d(L) q52d(L) q72d(L) q82d(L);... 
     q42dd(L) q52dd(L) q72dd(L) q82dd(L)]; 
  
 v = [-q11dd(L-x0); -q11ddd(L-x0); -q12d(L-x0); -q12dd(L-x0)]; 
 x = d\v; 
  
 h0 = 0; 
 hd0 = 0; 
 hd20 = x(1); 
 hd30 = x(2); 
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 phi0 = 0; 
 phid0 = x(3); 
 phid20 = x(4); 
  
 %displacement 








force = 1.5; %units: Newtons 
bend = double(H(L)*1000*force); 



























Appendix D ANSYS APDL Macro Code  
The following macro code is for a cantilevered composite beam with stacking sequence 
[𝜃]8. The code may be altered to accommodate other stacking sequences and beam geometry.   
 
!*   
/PREP7   
!*   
ET,1,SHELL181    






KEYOPT,1,10,0    
KEYOPT,1,11,0    
!*   
!*   
MPTEMP,,,,,,,,   
MPTEMP,1,0   


















secoffset,MID    
seccontrol,,,, , , , 
K,1,0,0,,    
K,2,0.21,0,, 
K,3,0.21,0.02464,,   
K,4,0,0.02464,,  
K,4,0,0.02464,,  
LSTR,       1,       2   
LSTR,       2,       3   
LSTR,       3,       4   
LSTR,       4,       1   
FLST,2,4,4   
FITEM,2,1    
FITEM,2,2    
FITEM,2,3    
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FITEM,2,4    
AL,P51X  
AESIZE,ALL,0.001,    
!*   
AMAP,1,1,3,2,4   
!*   






FLST,2,1,4,ORDE,1    
FITEM,2,4    
!*   
/GO  
DL,P51X, ,ALL,0  
FLST,2,1,1,ORDE,1    
FITEM,2,224  
!*   
/GO  
F,P51X,FZ,1   
/STATUS,SOLU 
SOLVE    
FINISH   
/POST1   
!*   
/EFACET,1    
PLNSOL, U,Z, 0,1.0   
